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Since massive scalar field plays an important role in theoretical physics, we consider the interaction 
between a sphere and a plate due to the vacuum fluctuation of a massive scalar field. We consider 
combinations of Dirichlet and Neumann boundary conditions. There is a simple prescription to 
obtain the functional formulas for the Casimir interaction energies, known as TGTG formula, for 
the massive interactions from the massless interactions. From the TGTG formulas, we discuss how 
to compute the small separation asymptotic expansions of the Casimir interaction energies up to the 
next-to-leading order terms. Unlike the massless case, the results could not be expressed as simple 
algebraic expressions, but instead could only be expressed as inhnite sums over some integrals. 
Nonetheless, it is easy to show that one can obtain the massless limits which agree with previously 
established results. We also show that the leading terms agree with that derive using proximity 
force approximation. The dependence of the leading order terms and the next-to-leading order 
terms on the mass of the scalar field is studied both numerically and analytically. In particular, we 
derive the small mass asymptotic expansions of these terms. Surprisingly, the small mass asymptotic 
expansions are quite complicated as they contain terms that are of odd powers in mass as well as 
logarithms of mass terms. 
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I. INTRODUCTION 

The Casimir effect is an important quantum effect proposed about 70 years ago [l|. The idea of the Casimir effect 
is very natural. The ground state energy of a quantum harmonic oscillator is not zero but is equal to fcu/2, where w is 
the frequency of oscillator. A quantum field can be regarded as a superposition of infinitely many quantum harmonic 
oscillators. Hence it is natural to sum up the ground state energies of all the constituent oscillators, and the sum is 
known as the Casimir energy. In the presence of boundaries or external conditions, the Casimir energy would create 
a nontrivial stress on the boundaries. 

Although the idea is simple, the actual computation of the Casimir energy is highly nontrivial because the sum 
is divergent. Various mathematical tools have been introduced to compute the Casimir energies of various systems, 
including zeta function method, exponential cut-off method. Green’s function approach, etc. Various machineries have 
also been introduced to remove the divergencies. One setup that is known to produce renormalization independent 
result is the piston setup 0- In essence, the piston geometry gives rise to interaction between two parallel plates 
confined inside a long cylinder. In fact, after removing self-energies, the Casimir energy for the interaction between 
two compact objects is always finite. 

Nevertheless, the computation of the Casimir interaction energy between two objects, where one or both of them is 
not planar, posted another major challenge to the field for a long time. Although Casimir experiments are performed 
for the sphere-plate interaction, it was much later when researchers successfully develop the necessary machineries 
to compute the Casimir interaction energy of the sphere-plate configuration. Before this, one relies on the proximity 
force approximation to obtain an approximation to the Casimir interaction force, under the assumption that when 
the separation between the objects is very small, a good approximation is obtained by dividing the pair of interacting 
surfaces into infinitely many pair of parallel plates, and sum over the force of the latter. However, without the exact 
formula for the Casimir interaction energy, one cannot justify the validity range of the proximity force approximation. 

A breakthrough to the problem appeared in 2006, where several groups of researchers employed different guises of 
multiple scattering method or the mode summation approach to obtain explicit functional formulas for the Casimir 
interaction energies of the sphere-plate, sphere-sphere, cylinder-plate and cylinder-cylinder configurations [sl-f^. 
These have made possible a more precise numerical or analytical study of the properties and strength of the Casimir 
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interactions. One of the most interesting questions that is resolved is the validity of the proximity force approximation, 
and the correction to the proximity force approximation. 

In the pioneering work |lfll | , Bordag has developed a method to compute the small separation asymptotic expansion 
of the Casimir interaction energy between a cylinder and a plate up to the next-to-leading order term. This was later 
generalized to the sphere-plate, cylinder-cylinder and sphere-sphere configurations |23l436j . 

Although the Casimir interaction due to massless scalar field is quite well-understood, so far no one has considered 
the Casimir interaction of massive scalar field between nontrivial objects. However, massive scalar fiel d p lays an 
important role in quantum field theory. The Casimir effect of massive scalar field has been studied in |37H49l | for the 
interaction between two plates or within a single spherical shell. The main objective of this work is to extend the 
studies of Casimir interaction between a sphere and a plate from massless scalar field to massive scalar field. We will 
concentrate on computing the correction to t he p roximity force approximation. For the sphere-plate interaction due 
to massless scalar field, it has been shown in [^, that, up to the next-to-leading order term, 
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where X, Y = D or N are the boundary conditions on the sphere and the plate, ’ is the leading term that 
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The main goal of this work is to find the corrections to these formulas when the mass of the scalar field is nonzero. 
Quite surprisingly, the formulas turn up to be quite complicated. 


II. CASIMIR INTERACTION ENERGY 


The equation of motion of a massive scalar field is 
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Using the same method as in the massless case ( 2 ^ . we can derive the formula for the Casimir interaction energy. 
Since the details have been discussed in (2^, we will not repeat them here. In fact, compare to the massless case, we 
find that k is given by (|3]) instead of k = ujjc in the massless case. 
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Assume that the sphere has radius R and the distance between the sphere and the plate is d. Then the distance 
from the center of the sphere to the plate \s L = d -\- R. The Casimir interaction energy is given by 




where 
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X, Y = D (Dirichlet) or N (Neumann) are the boundary conditions on the sphere and the plate, ctd = 0, aN = 1, 
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Here y{z) and K^{z) are modified Bessel functions, and Py{z) are associated Legendre functions [s^- This formula 
is almost the same as the formula in the massless case. We only have to replace k = ^/c in the formula for the massless 
case by the k given by One can use this same rule to obtain the formula of the Casimir interaction energy for 
massive scalar field from the corresponding formula for the massless scalar field. 

Notice that as in the massless case, we can rewrite as 


where can be expressed in terms of 3j-symbols: 
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However, we will prefer the representation dS]) since it is easier to compute the small separation asymptotic behavior 
using dSI). 


III. SMALL SEPARATION ASYMPTOTIC EXPANSION 


In this section, we derive the small separation asymptotic expansion of the Casimir interaction energy. 
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Here we have reparametrized the variables: 

lo = I, U = I + n-i, 1 < i < s. 

Now using the integral representation (see BUI) 
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V{2h + l){2l i+l + 1) —21 (1 + Gi,l + Gi,2) , 
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Using Debye asymptotic expansions for modified Bessel functions [5l|: 
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After integrating over rii and m, this gives 
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On the other hand, 
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FIG. 2: The dependence of on p. 

In Fig. m we plot the leading term normalized by the massless leading term as a function of /r. One observe that 
when the mass increases, the magnitude of the Casimir interaction energy decreases. 
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the ratio of the next-to-leading order term to the leading order term dividing by d/R, so that 

eS~£S''(i + 

This is a good measure of the deviation from the proximity force approximation. In Fig. [21 we plot the dependence of 
on /i. We observe thatand are positive, while and are negative. Moreover, their magnitudes 
are decreasing functions of /x. This implies that the correction to proximity force approximation becomes smaller 
when the mass is large. 
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Here we have made the change of variables t = d\/v? + Compare to m, we find that the leading order term of 
the Casimir interaction energy indeed coincides with that derived using proximity force approximation. 


V. SMALL MASS ASYMPTOTIC EXPANSION 
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mass, we derive here the asymptotic expansions of these formulas when the mass m is small, or more precisely, when 
the dimensionless variable ^ = mcd/h is small. 

Making the change of variables 
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particular, we find that 
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( 22 ) 


From these expressions, it is obvious that when // = 0, we recover the results (|T5|) and dm) for the massless case. 
A somewhat surprising fact is that the dependence on // is quite complicated. Naively, one would expect that the 
asymptotic expansions is in terms of even powers of // only. However, as one can see from above, we also have terms 
in odd powers of // as well as powers of // times log // terms. 

In Figs. |3l|4]and[5l we compare the exact values of Eq ^^and to approximations given by the small 
mass expansions up to the terms of order //^log// 1 (I^Tl) and We find that the small mass expansions (ED and 

(1^^ give quite good approximations for // < 0.3. For better approximations, one should include higher order terms 
of //. 
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FIG. 3: Comparison of exact /^Cas m=o with the small mass approximation (I21II . 



FIG. 4: Comparison of exact with the small mass approximation 


VI. CONCLUSION 


We consider the Casimir interaction between a sphere and a plate due to vacuum fluctuations of massive scalar 
fields. Scrutinizing the derivation of the TGTG formula for the Casimir interaction energy in the massless case, it 
is straightforward to see that the Casimir interaction energy for the massive case can be directly obtained from the 
massless case by replacing oj/chy -^(w/c)^ — {rncjK)^^ where w is the frequency, and m is the mass. Although such 
simple relation exists for the TGTG formulas of the Casimir interaction energies, the dependence of the Casimir 
interaction energies on the mass of the scalar field is very complicated. 

Since the Casimir interaction becomes significant when the separation between the sphere and the plate is very 
small, we derive the small separation asymptotic expansions of the Casimir interaction energies up to the next-to- 
leading order terms. The final results have nontrivial dependence on mass. Unlike the massless case, where the leading 
order terms and next-to-leading order terms can be expressed as simple rational functions of the distance, the leading 
order terms and next-to-leading order terms in the massive case can only be expressed as infinite sums over some 
integrals. Thus, to understand the dependence of these terms on the mass of the field, we can perform some numerical 
computations or compute the asymptotic expansions of these terms when the mass is small. Naively, one would think 
that the small mass expansions only contain even powers of mass. However, after some tedious computations, we find 
that the small mass asymptotic expansions are actually quite complicated, as they contain odd powers of mass as well 
as powers of mass times logarithm of mass. These show that the dependence of the Casimir interaction on the mass 
of the scalar field is far more complicated and interesting. 
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FIG. 5: Comparison of exact with the small mass approximation (I22I) . 
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